Supplementary Note 1: cTEUR violation implies TEUR violation

The main motivation for the definition of a complexity version of the TEUR (¢cTEUR), is that unlike
the TEUR, the cTEUR takes into account resource exchange, and therefore distills the fact that some
knowledge of the Hamiltonian is the necessary condition for violations. The implication is that TEUR
violations due to resource exchange are not necessarily violations of the cTEUR. However, violating the
c¢TEUR does imply a violation of the TEUR.

We prove that cTEUR violates the TEUR for energy accuracy defined by mean-deviation [1] as well
as standard deviation.

Definition 5. Mean deviation of an energy measurement of an eigenstate with eigenvalue F is defined
as
AE =) Pr(E'|E)|E - F| (1)
El

The claim is as follows:

Claim 1. Violating the cTEUR implies violating the TEUR. Let H be an n qubits Hamiltonian
with norm [|H|| = O(2™), A unitary energy measurement with confidence n = 2/3 and 8 = o(1/poly(n))
implemented in computational complexity 7 (n), s.t. dET (n) = o(1/poly(n)), namely, a cTEUR viola-
tion, implies AEAt < 1/2 where At is the measurement duration and AFE is the the mean deviation of
the outcome. Similarly, cTEUR violation implies AEAt < 1/2.

The following lemma provides tools for the error comparison:

Lemma 3 (0F vs AE and AE). Consider the distribution of an energy measurement of an eigenstate
of H with eigenvalue FE, s.t. the expectation value is E.

a. AE < (0B +4(1 — ) |HIP + 3(ndE + 2(1 — ) | H])?
b. AE < yoE +2(1— ) | H]

Proof.

a:

We start with the following three identities, which we use to show that if the confidence is high, the
standard deviation can’t be much larger than JF.
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(E—-E)?= (Z Pr(E'|E)(E' — E))
=

= > Pr(EE)E'-E)+ Y. Pu(E|E)E -E)
E':|E'—E|<SE E':|E'—E|>6E

< (OB + (1—n)-2||H||)*,

S Pr(E'|E)E'-EP= Y  PuE|E)E-E?’+ Y Pr(E|E)E -E)?
E’ E":|E'—E|<SE E":|E'—E|>6E (3)
<nOE)?+ (1 —n)2|H|)?,
and similarly,
> Pr(E'|E) - |E' — E| <ndE+2(1—n) || H|. (4)
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The proof is as follows

(AE)* = Pr(E'|E)(E' - E)> =) Pr(E'|E)(E' - E + E)?
<> Pr(E'|E) [(E' - E)* + (E - E)* +2|(E' - E)(E - B)]]

< 9(EE)? +4(L =) |H|* + (3 E +2(1 — ) | H|) + 2(nSE + 2(1 — ) || H||)(nE + 2(1 — n) || H)
=1(6E)* + 4(1 — ) [|H|* +3(mdE +2(1 —n) | H|)?
()

AE=) Pu(E'|E)|E'-El= Y  PuE|E)E-E+ Y = Pi(F|E)|E -E|
E' E':|E'—E|<$E E':|E'—E|>6E (6)
<néE+2(1—n)|H|

O
We can now proceed to the proof of the claim:

Proof. We first amplify the confidence by repeating the measurements m = poly(n) times, using Lemma

1 (declared in the methods section), thus accuracy §E and with ' = 1 — e~ 20-%) and B = mp.
Substituting 1 and the Hamiltonian norm in Lemma 3b we get AE € o(1/poly(n). The complexity of the
amplification (assuming using linear complexity median algorithm) is O(m7T (n)) and its time duration
is at most 7omT (n) where ¢ is the time to apply one gate. Finally,

AtAE < 1omT (n)AE € o(1/poly(n)) (7)

Hence AtAFE is asymptotically smaller than any constant and the TEUR is violated.
The same proof applies if standard deviation (AF) is used instead of mean deviation, using Lemma
3a,
AtAE < tmT(n)AE € o(1/poly(n)) (8)

O

We now explain in detail why the other direction might not be true (namely, violating the TEUR does
not imply violating cTEUR) using the example of Y. Aharonov and Bohm [2]. This example violates the
TEUR, however, it does not seem to violate the cTEUR. In this example the violation of the TEUR is
achieved by increasing the interaction strength of the measurement Hamiltonian by an arbitrary factor
¢ > 0. We claim that this increase is reflected also in an increased computational complexity of the
measurement: Let Upeas. = € *Hmeas. be the measurement implementation, and let f(n) be the time
complexity of simulating the Hamiltonian Hypeas. for one time unit (i.e., implementing Upeas. ). The
naive way to simulate cHyeas. for one time unit, in order to improve the accuracy by a factor of ¢, is
to concatenate c copies of the circuit implementing e~*7meas. . This yields a total time complexity cf(n)
- and the factor ¢ cancels with the one we get for the improvement in accuracy. But perhaps there are
more efficient ways to simulate e~#Hmeas. than the naive way? Theorem 5 ensures us that there exists
a Hamiltonian Hieas. s.t. if ¢ is exponential in n, implementing e~ *fmeas.¢ requires super polynomial
resources unless BQP = PSPACE (BQP, PSPACE are defined in Supplementary Note 8).

Supplementary Note 2: cTEUR Violations for fully known Hamiltonians

We revisit the simple counter example to the cTEUR described by equation (5) in the main text; it
provides an infinite violation of the cTEUR (as well as of the TEUR) using a simple Hamiltonian on n
spins (or qubits). Let

H= Zof. (9)
=0



Given an eigenstate, which is a tensor product of the eigenstates of each of the o*’s, a measurement of
each of the spins in the eigenbasis of the Pauli %, (the computational complexity of this measurement
is O(n)) reveals the eigenvalue to infinite precision, namely, with § E = 0. The demolition error however
might be very large since most eigenstates are superposition of computational basis states. To avoid
demolition altogether, an alternative measurement can be performed efficiently, using standard quantum
computation tricks: Add a register of log(n) qubits all initiated in the state 0, and apply the unitary
version of the classical computation which computes w(), the number of 1’s in the string ¢ of the original
system, and writes it down on the additional register. In other words, apply the unitary operator:

Uli)|0'°8™) = |i)|w (i) (10)

this can be done using n times poly(logn) gates [3]. Now measure the right register, which gives the
correct energy with F = 0.

We note that here we have assumed that a single spin measurement in the computational basis can
be performed with no error. We claim that a similar statement holds also when errors are taken into
account, but a full analysis with noise (of this and other claims in the article) is left for future work.

More generally, consider the n qubit Hamiltonian H = ). A; [¢;) (¢5], and assume that it is QC-
solvable, i.e., we have full knowledge of its eigenstates and eigenvalues in the following sense: the functions
|i) — |¢;) and i — A; can be computed by a quantum computer in polynomial time in n. An infinite
violation of the cTEUR can be achieved: One can first apply the unitary U = ). |i) (¢;| on the state to
be measured, use the function i — )\; to write the energy on an ancilla register, and measure the ancilla.
Finally apply U~! to derive the original state again without any deviation.

These infinite violations assume full knowledge of the eigenstates and eigenvalues of the Hamiltonian
in the above sense.

Supplementary Note 3: cTEUR/TEUR for unknown Hamiltonians

We observe the TEUR for completely unknown Hamiltonians [1], in fact holds for a more general setting,
when only the eigenvalues are unknown. Namely, H is taken from a set of Hamiltonians all of which have
the same set of eigenvectors, but we know nothing about their eigenvalues. We proceed to convert the
mean-deviation used in [1] to 2/3—accuracy (definition 4). Finally we use the previous results to prove a
¢TEUR for Hamiltonians with unknown eigenvalues.

Theorem 5 (TEUR for Hamiltonians with unknown eigenvalues (adapted from [1])). If the eigenvalues
of a Hamiltonian acting on a system are unknown, then the mean deviation AE (see definition 5) with
which one can estimate the energy of an eigenstate with energy F in a time duration At obeys the
constraint

AEAt > 1/4. (11)

Proof. The proof of TEUR for completely unknown Hamiltonians [1] holds for the case in which only
eigenvalues are unknown. One might be worried however that by applying the Hamiltonian on several
probes in parallel on entangled states as is done for example in the case of NOON states (see Supple-
mentary Note 9), one might be able to bypass the bound achieved in [1]. However, it was shown [4] that
given any measurement scheme which applies the Hamiltonian on several probes (registers) in parallel,
one can apply standard quantum computation techniques of adding a register and swapping between
registers, to arrive at an equivalent protocol which only applies the Hamiltonian on one probe (register)
sequentially. Hence we take At to be the total time the Hamiltonian was applied. O

In terms of 2/3-accuracy, Theorem 5 takes the following form:

Theorem 6. Let H be a Hamiltonian with unknown eigenvalues. The 2/3-accuracy JE of measuring
the energy of an eigenstate depends on the time the Hamiltonian was sampled At by

SEAt>1/3 (12)

Proof. Assume by contradiction that there exists some family of Hamiltonians with unknown eigenvalues
(but fixed eigenstates which are common to all), and also that there exists a given eigenstate and constants
dF and At, s.t. one can perform an energy measurement of the eigenstate with 2/s-accuracy 6 E, while



applying the Hamiltonian for At, and yet §EAt < % We will derive a contradiction by showing that
this implies a protocol which is too strong, for the distinguishability problem studied in [1].

The distinguishability problem is defined as follows: Given access to a Hamiltonian by a black box,
determine whether the Hamiltonian in the box is Hy or Ho = Hj+¢1 (it is promised that the Hamiltonian
in the box is one of the two, and it is assumed that there are no computational bounds outside the box,
and in particular, we can feed the box any eigenstate we want). Both Hamiltonians have an a-priory
probability 1/2. Define the probability of error for a protocol for this task by:

Po = % [Pr(output 2|Hy) + Pr(output 1/Hs)] . (13)

Using our assumed energy measurement, we can derive a protocol for this distinguishability task
between two Hamiltonians from the family: Hy; and Hy = H; + €1, with € = 2/3a:. Apply an energy
measurement with 2/3-accuracy 0E < 1/3a¢+ = ¢/2, to an eigenstate of the Hamiltonians (which by
assumption we can generate). We know the energy of the eigenstate is either F or E +¢. The procedure
outputs H; if the measurement outcome is closer to E than to E + ¢ and outputs Hy otherwise. From
the definition of 2/3-accuracy, in this procedure,

P, <1/3. (14)

However, one of the intermediate results on Hamiltonian distinguishability in [1] is the following:

Lemma 4 (H distinguishability, adapted from [1] section III.B ). Any algorithm solving the distin-
guishability problem defined above for distinguishing between Hy, and Hy = Hy 4 <1, while applying the
Hamiltonian in the black box for a total time At, satisfies

Popr > % {1 — sin (aﬁt)] (15)

if eAt <.

Combining this lemma and Supplementary Equation (14) we have

1 1 . 1
§>Perr25 |:1_31n (3>:|a (16)

which is a contradiction. O

It is straight forward to argue that theorem 6 implies that also the cTEUR holds for Hamiltonians
with unknown eigenvalues:

Theorem 7 (cTEUR for unknown eigenvalues). Let H be a Hamiltonian whose eigenvalues are unknown.
A unitary energy measurement of the input state with respect to H with accuracy 6 F and confidence
2/3 implemented in complexity T (n) satisfies:

SE - T(n) € Q(1). (17)

Proof. The proof follows trivially from Theorem 6. The total time the Hamiltonian is sampled if At,
and the definition 7 (n) € Q(At). Hence by Theorem 6,

T(n)oE € QALE) = Q(1) (18)
O

The reason we can prove here §2(1) rather than just (1/poly) is that the bound is only due to
duration the Hamiltonian was sampled, so the exact computational model is irrelevant.



Supplementary Note 4: Proofs of Theorem 1 (Shor’s algorithm violates cTEUR)

Shor’s algorithm factorizes an n-bit number N by finding the order r of a randomly chosen y co-prime
to N (i.e., ged(y, N) = 1), namely the period of the sequence 3°,y*, y2... modulo N. To this end, the
algorithm uses the following unitary Uy, acting on n bit strings:

19
|z) otherwise (19)

T - mod N) 0<z< N
Uy ) = { y )
Theorem 1. Consider Hy , such that ged(y, N) = 1, and where N is an n-bit integer. There exists
an energy measurement, which given any eigenstate of Hy , has accuracy 0 F with confidence 2/3 such
that:
SE-T(n)=0(27"). (20)

The measurement procedure is such that the given eigenstate remains intact.

Proof by standard phase estimation

To achieve efficient and exponentially accurate measurement of the eigenvalues of Hy ,, we use the fact
that Hy , shares the same eigenvectors with Uy ,, and their eigenvalues are related in a simple way. To
see this, recall the orbit-stabilizer theorem [5] which implies that Uy, partitions the set {0,1,...N — 1}
into orbits, each one being the orbit of some representative element in the set, and that the size of each
orbit divides 7. Denote z; the representative of the ¢*Porbit, O(x,). Then the eigenstates of Uy, (and
of Hy ) are of the form

1O(@e)| =1 55k, e {1,2 #orbits}
_ [Gep] o g Ly eeey
[ek,) ;0 elo@l |z, -y mod N) ke €40,1,.., [O(a)| — 1} 2y

2miky
The eigenvalue of 1k, with respect to Uy, is €!¥ = el®@0l. The eigenvalue with respect to Hy, is
Ey 1, = 2cos(p). Estimating Ey x, to within exponential accuracy will be achieved by a measurement of
 to within exponential accuracy. Note that in physics, Hy , describes a tight binding model of several
disjoint 1D lattices, each of them with periodical boundary conditions.

The estimation of the eigenvalues of Hy , is thus a standard exercise in quantum computation; for
completeness we include the details below. Importantly, we notice that though it might seem that the
eigenvectors and eigenvalues of the Hamiltonian are known here in advance, in fact they are not - because
they depend on r, which is computationally not known. This will prove that these Hamiltonians exhibit
an exponential violation of the cTEUR, proving Theorem 1.

We are given y and n, and a quantum register containing an eigenstate |) of Hy , with an unknown
eigenvalue 2 cos(p). Let us fix an accuracy parameter ¢ = poly(n). We devise a procedure to estimate
® to within 27 - 279 with 2/3 probability, using only polynomially in ¢ (and thus in n) quantum gates.
This will prove the theorem.

Since the eigenvector is also an eigenvector of Uy, of eigenvalue e'?, we can use phase estimation
(see section 5.2 in [3]) with respect to Uy, to estimate ¢, which is directly related to the eigenvalue
2 cos(yp) we need.
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Supplementary Figure 1: An £-bits phase estimation procedure used in Shor’s algorithm.

The phase is efficiently estimated to accuracy of 2352 with confidence 1.
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The first step in phase estimation is to prepare an ancilla register in a superposition of values 0...L —1,
where L = 2, using ¢ Hadamard gates (see Supplementary Figure 1). We choose £ = ¢ + 6. Then, U Jlf[y
is applied, conditioned that the value of the ¢ control bits is k in binary representation. Finally, the
inverse of the quantum Fourier transform over Zj, is applied:

QFT* L-1 omiik
_ETmyr .
k) =— ) e T 1j) (22)
j=0

This gives us the following sequence of implications:

L-1 - L-1
ST ) k) %ZUN@,WJ ) |k) = Ze”w ) [k) — [) Zu 3 eilhe= ) (23)
k=0 k=0 Jj=0 k=0

Then the first £ qubits are measured and let m be the ¢ bit outcome. Then the output estimation of
2mm

: /
pis o = 5"
The following lemma is useful for evaluating the errors of phase estimation.

Lemma 5 (phase estimation confidence (adapted from 5.2.1 in [3])). Let U be a unitary and ¥ an
eigenvalue of U and let an eigenvector with this eigenvalue be given as input to the phase estimation pro-
cedure. Let m be the measurement outcome of an /-qubits phase estimation circuit (see Supplementary
Figure 1). For any b+ 1 < ¢,

2mm 21 1 1
(- E) e e

Lemma 5 shows in our case, setting b = g4, the probability the estimation ¢’ is 7-27973 far from the
value of ¢ is < 1/4. Since E = 2 cos ¢, an accuracy dy in phase translates to accuracy 6FE < 20¢. Hence
the energy measurement outcome E' = 2cos ¢’ is 279-far from the correct value E with probability at
least 2/3, as required.

The time complexity of the phase estimation is O(n?), which consists of preparing the superposition
of the ancilla register (O(n)) quantum Fourier transform (O(n?)) and the controlled application of U*.
The latter is done using the method of modular exponentiation. To compute U 1’373, one needs to multiply

a given integer by y raised to the power k modulo N. To this end, the sequence y2', 32", ...,y2 mod N
is calculated classically using repeated squaring (O(n) multiplications of integers written on O(n) size
registers yields O(n?) 2-gate operations), and then O(n) ctrl-(Uy ,)* gates are applied for a total time
complexity of O(n?). Shor [6] improved the complexity to O(n?lognloglogn) by using improved integer
multiplication techniques.

Proof by Kitaev’s phase estimation

A much simpler algorithm to measure the energy exists, more along the lines of Kitaev’s original pre-
sentation of phase estimation [7]. Given an eigenstate g, then by adding a control qubit in the state
%(|O> + [1)) in another register, and applying U? conditioned on the control qubit being 1, the state of
the control qubit becomes:

1 —iEt
7500+ 1) (25)
For each t € {2¥7|k = 0,1, ...poly(n)} we can generate polynomially many control qubits in this state.
Measuring these qubits (for a fixed k) in the {|+),|—)} basis enables evaluating one bit of the energy,
with exponentially good confidence in a similar way to evaluating the bias of a classical coin by taking
the average over many trials.
Formally, the phase estimation algorithm is iterative, and is similar to binary search. In the gth
iteration (4 € {1,2,...poly(n)}) the phase estimated ¢ is assumed to be in the interval [p? . ! ] with
A gof;ﬂin =n/tj and t; = 2771 . We generate m = poly(n) many control qubits in the state

meax

*(I0> + i 1)), (26)

N



apply Hadamard on each one of these qubits and measure in the {|0),|1)} basis (See Supplementary
Figure 2 for a schematic description of the circuit for one such control qubit). This can be done efficiently:
the phase ¢t; is added efficiently by modular exponentiation, and the known phase dependent on ¢’ . is
added by using standard quantum computation techniques. The outcome 1 is achieved with probability

_ Y
Py = sin®((p = @y )t;/2) = sin’ (spf‘“ ' 2> (27)
J

Let p; be the fraction of the measurements with 1 outcome, and let ¢; = % arcsin(,/p;) + gof;ﬂin. It will
J

serve as the current estimate of ¢. For the (j + 1)™ iteration’s interval (Wi.th length Aj 1), we choose

j 5ol <A (51
) ¥min A i_ ¥min < TJ (pA] < Z)
J+1 _ J J J =~ J 24 1 ~ 3
Pumin =\ Puin + 7 F <P P S (3<P;<3) (28)
j j j ~

j ~ j 3
gp{nin+7] 907S0min> 3 (p]>1)

and of course @ifl = It 4L AL
Assuming we chose the correct interval in every iteration, after £ iterations we know the phase with

accuracy Agyq = 27
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Supplementary Figure 2: Phase estimation without Fourier transform. Let 1, be an eigenstate
with (unknown) eigenvalue e*?. The algorithm is very similar to the binary search algorithm: initially ¢ is
confined to the initial interval [pl . oL ] of size Ay, and in every iteration the interval is halved. Unlike
binary search, here there are 3 ways to halve the interval (LILIII). At each iteration, the circuit (top)
is applied m = poly(n) times, and p; which denotes the ratio of 1s approximates the actual probability
to measure 1, p; which depends on ¢. Then, according to p;, the next interval, I, II, or III is selected.
After ¢ = poly(n) iterations the interval’s size is 27¢A;.

Lemma 6. Let e'? be the eigenvalue of the unitary Uy ,, and ¢ € [pl. ol . 4] for a known ¢ . . The
phase estimation procedure described above, denoted f(Uny, [Pk, ¢hin + 7]), finds ¢ with accuracy
2~‘7 and with confidence greater than 1 — fe~™/160 where ¢ is the number of iterations, and m is the
number of times the circuit in Supplementary Figure 2 is applied in each iteration.

Proof. In each iteration there are four scenarios where we choose the wrong interval for the next iteration.
We use the Chernoff bound and its monotonicity to find a bound on the error probability in each scenario,
and then pick the largest one.

B _m,'pj (l‘—l 2

Pr(p; >v)<e * "% Ty P; (29)
- _MPj o 1)2

Pr(p; <v)<e ? GimD" < D; (30)



1. The phase is in I-II (see Supplementary Figure 2), i.e., ¢ € [gafnin, ‘anm + %), but we measured

Pi > Phin + % thus picked intervals II or III:

- 1 . —(—L—=—-1)?msin?(Z)/3 B -
Pr |:pj > Zmpj <SIH2(78T.):| Se (4S,n2(§) ) ms (s)/ —e m(x/i 1)/12ﬂ (31)

(we used sin®(7/8) = ¥2-1)

2. The case symmetric to 1; ¢ is in III—-II and intervals I or II were chosen:

- 3 3 — (25— —1)?*msin?(3Z)/2 g 0V
Pr |:p_7 < 1 mpj > Sin2(8ﬂ-):| S e (4sm (%) ) ms ( 8 )/ —e Ve (32)
3. The phase is in (INID)—II1, i.e., ¢ € [<pfnin + %, <pfnin + %) but we measured ¢ > ‘men + 2? thus
picked interval III:
~ 3 . o, 1 _m
Pr |p; > 1 Np; € [sm (g), 5) <e 21 (33)
4. The case symmetric to 3; o is in (IIINIT)—I, and interval I was chosen:
JU | 1 .53 _m
Pr [pj <7 Np; € (2,sm2(;)H <e 16 (34)

All these errors are smaller than e~"*/160, The probability to be in the wrong interval after ¢ iterations
follows from the union bound and is at most fe~ 165, O

In general,we have no prior knowledge that ¢ is in some window of size 7, and so it can be any value
in [0,2n]. Using f(Un,y,0) on an unbounded ¢ creates an ambiguity: ¢ and its mirror value 2w — ¢
would create the same distribution of measurement outcomes in every iteration. The following algorithm
solves the ambiguity by trying to run f on a range containing both values:

1. Let QZ = f(UN,yv [O’WD

2. If | — 5| > 27"m,
run f on Uy, in a range containing both ¢ and 27 — @ (i.e. [3,2%] or [0, Z]U[2X, 27]); return
the result.

3. Else (Unable to determine whether ¢ and 27 — ¢ are in [%, 2X] or in [0, 3] U [2F, 271])

(a) Let Uy, = e MUN .,
(b) Let € = f(Uy,, [0, 7))

(0) 1 |E- 3
run f on Uy, in a range containing both ¢ and 27 — £, (ie. [Z,27] or [0, Z] U [2F, 2n));

return the result minus 7.

(d) Else, the algorithm fails.

> 2~ r,

If every time f is used, it finds the correct phase (or its mirror value) with accuracy 2~‘m, then the
algorithm successfully finds ¢ with accuracy 2 ‘m. f is called at most three times, therefore by Lemma
6 the algorithm above finds ¢ with accuracy 2~ ‘7 and with confidence greater than 1 — 3¢e~"/160

Once ¢ is approximated for Uy, the corresponding energy under Hy , can be calculated by the
relation F = 2cos(yp). The complexity of the algorithm is polynomial in the number of qubits therefore
the proof of theorem 1 is completed.



Supplementary Note 5: Proof of theorem 2 (main)

Theorem 2. [Main] For n the number of qubits, the following two sets of Hamiltonians are equivalent:

1. FFexp: A normalized Hamiltonian H acting on n qubits is in FFeyp, if there exists an exponentially
growing function T = 2% s.t. H is (T, a)-FF for any a = O(1/poly(n)).

2. SEEM¢yp: A normalized Hamiltonian H acting on n qubits is in SEEMey, if there exists a function
SE =279 st. His (n,0F, 3)-SEEM for any 8 = O(1/poly(n)),n = 1 — O(1/poly(n)).

The proof builds on two tools. The confidence amplification lemma (Lemma 1) gives efficient exponen-
tial confidence amplification of a low-demolition energy measurement, without increasing the demolition
parameter 8 too much. The second tool is the FF by concatenation Lemma (Lemma 2) allows increasing
the T' parameter of FF at the cost of degrading a. We note that we do not know how to apply confi-
dence amplification to 27 when £ is not O(1/poly(n)). Theorem 2 leaves open the possibility that
measurements with larger demolition are not equivalent to FF (this remains to be studied).

Lemma 1 (Confidence amplification). Let n > %, and let H be a Hamiltonian on n qubits, ||H|| < 1,

m 1\2
which is (1, 6E, 3)—SEEM. Then for any integer m > 1, H is also (1 — e~ % (1727)" §E, m3)—SEEM.

Proof. Consider m applications of the non-perturbing unitary energy measurement circuit Usggm with
n-accuracy 0E. The probability that the majority of these outputs are within JF of the correct value
can be bounded by the Chernoff bound

m 2
Pr(majority of measurements outside the window §F) < e~ % (1-27) (35)

Hence a median of the measurements is at distance < § E from the correct energy value with confidence

1-— 6_7(1_%)2. We define the new measurement circuit Vsggm to first apply Usggpm m different times,
each time using a new ancilla register. Each such circuit writes E’ on its ancilla register. Vsggm then
unitarily computes the median of these m outputs on an extra register. We know that had one of
these outputs been measured, the probability that it is within JE from the correct value F is at least
7. Since the measurements of those values mutually commute, are independent, and commute with
the measurement of the median, we see that the median is within JE from E with probability at least
1-— e_%(l_ﬁ)z.
VSEEM is defined by replacing Usggm m by ﬁSEEM in the above procedure. Since this is done m times
we have _ _
|Vseem — Vesrem|| < m||Usgem — Usgrm|| < mpB. (36)

O
The second tool allows increasing the T parameter of fast forwarding at the cost of degrading a.

Lemma 2 (FF by concatenation). For any integer x > 0, if a Hamiltonian is (T, «)-FF, it is also
(Tk,ak)-FF.

Proof. The proof is by concatenation of k instances of the fast-forwarding circuit; the bound of ax is
derived by a standard telescopic argument. O

To prove Theorem 2 we start by proving that fast forwarding implies super efficient energy mea-
surements. After this we prove the other direction. The proof structure is in Supplementary Figure
3.



(T, @)-FF [(n > 1 4E, ﬂ)-SEEM}

Confidence amplification
! (Lemma 1)

(16T, 16c)-FF [(1 _ 22 0-%) §E, (n— 1)g)-SEEM]

Phase estimation

Concatenation (Lemma 2)

(Lemma 5) Measure the energy unitarily,
3 1 ! denote the result by E’,
s
[(77 = 0E = T ﬂ = 16« lOg 32T)'SEEM] add phase e *F't for t < SE/B,
Confidence amplification uncompute.

(Lemma 1) Y [(T - o ,Oé e 277,5) FF}
[(17 =1—e ™18 §F = %, 8 = 16nalog 32T)—SEEM]

Supplementary Figure 3: Sketch of the equivalence proof in both directions. The boxes
indicate the guaranteed parameters, and the arrows are accompanied by the lemmas used to derive
them.

Claim 2. For T = O(2P°¥(")_ if a normalized Hamiltonian on n qubits is (T, «)-FF, it is additionally

(1— e /18, 71” 16nalog(327))-SEEM.

Proof. We start by using the concatenation lemma (Lemma 2) to claim the Hamiltonian is (167, 16a)-
FF. Next we show that (167, 16a)-FF and T = O(2P°¥(")) = (2, L 16alog(32T))-SEEM. The result
then follows from the amplification lemma, Lemma 1 with m = n.

We use the assumption that fast forwarding of H is possible, to efficiently apply phase estimation with
respect to the unitary V = exp (4 (H + 1)). V and H of course share eigenvectors, and an eigenvalue E of
H corresponds to an eigenvalue % for V for ¢ = E+1 (recall that |H|| < 1s00 < p=E+1 <2< 27).

Fix ¢ = [log(32T)] to be the number of bits of ¢ estimated in the phase estimation procedure.

The procedure requires conditional applications of { V2 }k ; This is done by implementing ¢ different

instances of fast forwarding of H, et with t = 20,2 ... 2¢~ & < 16T.

Using Lemma 5, we get that the ¢-bit phase estimation procedure estimates ¢ to within §p = 7.2~ (¢=3)
with confidence 3/4. We get that the procedure provides an outcome which is within /E = dp =
427D < A < L from E with confidence 3/4.

To apply the é mstances of conditional applications of powers of V; {V2k o 0, we apply ¢ different
16a-approximations of e'#! @ 1, (using the fast forwarding) where each such application works on
the state plus its own ancilla register initialized to 0 (as in Definition 1). We get that S < 16af <
16 log(32T)). O

Corollary 1. FFe, € SEEMcy,

Proof. For any g = O (W))’ a Hamiltonian H € FFqy, can be FF for some T' = 0(21"’IY("))7 with
a = W@(SQT) =0 (m> Hence, by Claim 2, H is (1 — e~"/18 1/T, 3)-SEEM, and therefore it is

(n,1/T, B)-SEEM for any 7,8 = O ( We conclude that H € SEEMeyxp. 0

)
poly(n) /*
We now prove that SEEM implies FF with the desired parameters:

Claim 3. Let H be an n qubit Hamiltonian with ||H| < 1 which is (n,dE, 3)-SEEM for n > 1/2. Let
TSE < T, then H is also (T, 2nsin(0ET) + 2(1 —n + B))-FF

Proof. The idea of the proof is to apply the unitary Useem approximating the measurement of the
energy, which exists since the Hamiltonian can be super-efficiently measured, by Definition 2. Then,
based on the output E’ of this measurement, written on the quantum register, multiply the state by the
phase e~iE"t (denote this by the gate V'), and finally apply the inverse of the approximated measurement
unitary. Let |a) = 1) ® |0). First we consider the exact measurement with no demolition (8 = 0),
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UsggwMm; notice that it commutes with H:
H (UsTEEMVUSEEM —e g ]1W> |a>” = H (UsTEEMVUSEEM — Ul (7' @ 1) USEEM> |a>”
=|(VUsgem — (e7"" @ 1) Usgem) ||| »

where the Hilbert space of the work/output register is denoted by W. On a specific eigenvector ¢ g:

(37)

|[VUsgeM [¥E, 0,0) — (e~ ® 1y) Usgem [¢E, 0)|| =

S ap (e - e [, E’,g<E'>>H

E’

_ Z aE,(e—iE’t _ e—iEt) |¢E,E',g(E')> + Z aEz(e_iE/t _ e—iEt) |'(/JE7E/;9(E/)>
E':|E'—E|<E E':|E'—E|>E
< 2nsin(0Et) +2(1 —n),
(38)

where the last inequality is correct for ¢ < w/20FE. Notice that the above holds for any state |¢)) =
> e, CE [¥E), using the fact that both Usgrm and V' leave the left register in tact. The proof follows

since we have HﬁgEEMVﬁSEEM - UgEEMVUSEEMH < 28. O

Corollary 2. Let H be a normalized Hamiltonian on n qubits, which is (n,dE, 3)-SEEM for n > 1/2
and 8 < /2. Then H is also (3/6E,2nj3 + O(27P°V("))-FF.

Proof. Using Lemma 1 with m = n — 1 we reach an (1 — e_(ngl)n(l_ﬁ)Q,dE, (n — 1)5)-SEEM. Now
choose T'= $/0F and since TOE = < w/2 we can apply claim 3. The FF error « according to Claim
3 is bounded by 2n3 + 2Py ()

O
Corollary 3. SEEM¢y, C FFeyp

Proof. Let H € SEEM.,,,, 0E = Q(27P°¥(). We choose T to be any exponentially growing function
such that TOE decays faster than any polynomial (say, T = w%) Let a = O (ﬁ(n)) be a goal

parameter for the fast forwarding. By assumption, H is (n = 2/3,0E,5 = «/3n =0 (m)) —SEEM.

From corollary 2, H is also (8/dF, a)-FF. By our choice of T, it is thus (T, «)-FF. Since this holds for
any inverse polynomial o, we have H € SEEMgp,. O

This completes the proof of theorem 2.

Supplementary Note 6: Proof of theorem 3 (FF Commuting H)

Theorem 3. If H is an n qubit normalized commuting k—local Hamiltonian, with & = O(log(n)), then
it can be (T, a)-fast forwarded with 7' = 29(") and arbitrary exponentially small c.

Proof. Since the terms H; commute, we have e ="t = ] i e~ *Hit Tt thus suffices to be able to implement
e~ it for ¢t exponentially large, with the required exponentially small error. Let U; be a unitary matrix
which diagonalizes H;, D; = U;H;U JT . Since U; acts non-trivially on k qubits at most, all entries of
U;’s eigenvalues and eigenvectors can be efficiently calculated classically to within exponential accuracy
(e.g., [8,9]). Standard quantum computation techniques [3] can be used to apply e~*%it to within any
desired exponentially good accuracy. O
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Supplementary Note 7: Proof of theorem 4 (FF Quadratic Fermion H)

Theorem 4. Let H be a quadratic Hamiltonian of n Fermions with poly(n) modes. H can be (T, «)-fast
forwarded with 7' = 2°(") and arbitrary inverse polynomial a.

Quadratic Fermion Hamiltonians are defined as follows

=3 4, ;4] S > Bjaldl - =
H= - Aw»aiaj + 5 4 Bi,jaiaj + 5 - Bj)iajaj A= AT’B - BT7 (39)
] ij

where a;, a;f are the annihilation and creation operators respectively

{a;,a;} =0 {al,aj}fO {az, ]} i j (40)

The proof idea is to efficiently “diagonalize” the Hamiltonian by the Bogoliubov transformation [10,11]
to the form H = ), Aibib; + tr(A)/2. The operators b;, bl are called quasiparticle annihilation and
creation operators respectively, and they inherit the commutation/anti commutation relations of a;, aj
as in Supplementary Equations (40). Additionally, the number operator bzbi has integer eigenvalues.

Fast forwarding is enabled by efficiently evolving the system under H = " (At mod 27r)b;rbi for one
time unit, and by adding a global phase ¢ - tr(A4)/2.

Claim 4. Let a be a column vector whose j*™ coordinate is aj and let a’ be a column vector whose ;"
coordinate is a . The Hamiltonian H can be written as

m-y(aa) (5 2 ) (&) ju@ (a1)

Here, the overline indicates a matrix transposition, i.e., al,a are the row vectors corresponding to a', a
respectively.

Proof. The proof relies on the hermiticity of A, B and the anticommutation relations. For ¢ # j

ZAJ a,a; = Z(Ai,jagaj—A’Jaj ) ZAJ aa ~—ZAj,iaia; =%Z(A ,ja a;j—Aj ja;a )

i#] i#] i#] J#i i#]
(42)
For i = j,
1
;Ai,iajai = ZAZ 10,0 + = ZAl i aia;) = (Z A;, la a; — ZA* ala + tr( A)) (43)
Reorganizing H as a block matrix concludes the proof. O
Claim 5. The traceless part of the Hamiltonian can be diagonalized:
H—1<7T *)UDUT a )y low (44)
- 2 a a aT 2 Ir
where D is a real diagonal matrix s.t. D;; = —Dj4p j4n and U is unitary. Furthermore, there exist
matrices Vi, V5 s.t. U is a block matrix in the form U = ( 51 “;2* )
2 1

Proof. Note the following symmetry of the traceless matrix H:

H:(B —A*) H'=H, THr=-H", 1

Il
7N
=
3 o
°f
N———
™
)
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The symmetry of H implies a symmetry on its eigenvectors, which are the column vectors of U.

() () () ()

Hence if either vy # v; or vy # vj, then the eigenvectors come in pairs: w,7w*. In the case v; = v}
and vy = v}, we get that A = 0. Since there is an even number of eigenvectors of the first case, and
the dimension of the subspace is 2m, there’s also an even number of eigenvectors of the second case,
with eigenvalue 0. Picking a pair of orthogonal eigenvectors wy, ws, with eigenvalue 0, we can span the
subspace they define using w| = wy + twy and w) = wy — iwy, and we get that w] = Twj*. Hence all
eigenvectors of H come in pairs w, 7w*. By placing one eigenvector of the i*® pair in column i of U and
the other eigenvector in column m + ¢, U takes the desired form. Additionally, the column placement

forces Dj,j = _Dj+m,j+m~ O
Claim 6. By defining
b a
(bT):UT(aT) (47)
The Hamiltonian takes the form
- 1
H=2 ; blb;D; i + 5 tr(4) (48)

The new operators obey the anti-commutation relations of Fermions. In addition, the eigenvalues of b;r b;
either 0 or 1.

Proof. From Supplementary Equations (47) and the definition of U,
bi =Y (V)isa; + (Vi)ij0] (49)
J
bi = Z(Vg)i’jaj + (Vl)maj (50)

J

Hence b;r is indeed the Hermitian conjugate of b;. Additionally, one can see that ( bf b ) = ( afl a ) U.

Next we show that the transformation is canonical, i.e., the anticommutation relations are preserved:

m m m m
{bi by} = {Z Uian+ Y Uil Ubjae+> Uz;m,jaz}
k=1 k=1 /=1 /=1

= *,i " m,j m,iYk,j) = iYk,j+m m,i m,j+m) —
S U iUiimy + Ui iU ;) = > (U3 iUk i + U iUt jm) =0
k=1 k=1

(51)

(we used the structure of U for the transition of the second line)

{bi7 b;} = {Z U,:,iak + Z U]:er,iaL Z Ug’jaz + Z Ueer’jag} = Z (U]:,iUk:,j + U];k+m,iUlc+m,j) = (51',]‘
k=1 k=1 =1 =1 k=1
(52)
Finally, the eigenvalues of b}bj are 0 and 1, because (b;(bj)2 = b;bjb;[-bj =(1- bjb})b;[-bj = b;bj, similarly
to the number operator a;aj. O

We can now use the above claims to achieve FF. In Supplementary Equation (48), the modes b; are
independent, and in particular, the Hamiltonian is a sum of m commuting terms. Therefore, an evolution
under H for time ¢ can be implemented by

ptHt _ ,—ittr(A4)/2 HeziDjjtb;bj (53)
J
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Since the eigenvalues of each term are D; ;t times an integer (using Claim 6) we have that if we replace
M by a matrix with the same eigenvectors but with eigenvalues (D, ;t mod 27), it will have the same
evolution on any state, in other words if we define

1/ — a 1
[— T a Ut —
H 2<a a)UDU(aT)+2tr(A) (54)
D;’j = 51‘,]‘Di’it mod 27 (55)
we get . ‘
ef’LH — elet (56)

Hence it is sufficient to simulate the evolution under H’ to time ¢ = 1. To do this we observe that Supple-
mentary Equation (54) means that H' is a quadratic Hamiltonian in {a;} and {a;r}, whose coeflicients can
be calculated by a classical computer in time polynomial in m to within exponential accuracy [8,9]. As-
suming that we can implement any quadratic Hamiltonian of polynomial number of coefficients exactly,
we need only apply H' for one time unit to fast forward H for exponential duration ¢, with arbitrary
exponentially small a. However, the assumption that a quadratic Hamiltonian with general coefficients
can be implemented exactly is not realistic; Assuming inverse polynomial error in each of the coefficients
in the quadratic Hamiltonian results in an overall inverse polynomial error and thus would still lead to
a fast forwarding procedure for exponential duration of time, but with inverse polynomial error a.

Supplementary Note 8: Proof of No generic FF
We now prove theorem 5.

Theorem 5. A generic procedure for (T = 2("1/6), o = n~*/¢)-fast forwarding a 2-sparse row-computable
Hamiltonian, with ¢ > 1, does not exist (unless BQP = PSPACE).

2-sparse row-computable Hamiltonians are those with at most two non-zero entries per row in the
matrix representation of the Hamiltonian. These entries also need to be computed efficiently given the
row index. Such Hamiltonians are known to be efficiently simulable by quantum circuits [12,13].

BQP is the class of problems that can be solved in polynomial time by a quantum computer;
PSPACE is the class of problems that can be solved in polynomial space by a classical (or quantum,
this doesn’t matter) computer. It is known that PSPACE contains BQP but it is strongly believed to
be a strictly larger class.

The proof of the theorem is by using the procedure to solve the PSPACE-complete problem OTHER
END OF THIS LINE (OEOTL) [14] in polynomial time. We recall the definition of the problem

Definition 3 (0EOTL). Let G = (V, E) be a directed graph whose 2™ vertices are indexed by n bits
vectors. G is given by two polynomial size classical circuits S and P, s.t. there is an edge from u to v
only if S(u) = v and P(v) = u (Hence G contains only paths, cycles, or isolated vertices). Given such
a G and given that the vertex 0™ has no incoming edge but has an outgoing edge, find the other end of
the line that starts with 0™.

The algorithm is as follows:

1. Let’UOZO,H():H
2. For i=1 to 100n

(a) Check that 10 steps forward from v;_; the end of the line is not reached; if it is, output it
and exit.

(b) Perform a (1 —e~™/'® 57" 40n~2)-SEEM on the state |v;_;) under H;_ ;.
(¢) Measure in the computational basis, denote the result by v;. Let H; be the original Hamil-

tonian H with the edge (v; — 1,v;) removed.

3. Move 10 steps forward from the vertex reached. If the end of the line is found return it and exit.
Otherwise, the algorithm fails.

14



Proof of correctness:
The idea of the proof is to make progress on the path, as follows: Starting from the first node vy, we use
the SEEM (stage 2b) to measure the energy with respect to Hp (assume 5 = 0 for now). Due to the high
accuracy of the measurement, the resulting state, conditioned on the measurement outcome, is close to
an eigenstate. All eigenstates are symmetric around the middle of the path, hence the measurement in
the computational basis in stage 2c, yields with good probability a vertex v; that is closer to the end
of the path than to vy namely, the remaining path length is likely to be halved. We call this event a
successful iteration, and show its probability is at least 1/10 if the path length is more than 10. An
unsuccessful iteration does not increase the length of the path, it just doesn’t succeed in shrinking by half.
The vertex v is now the next starting point, and H; is fixed to prevent going backwards by correcting
H to not include the edge connecting v; to the previous vertex on the line. After n successful iterations,
the vertex reached should be the end of the line. By Chernoff, the probability of at least n successful
iterations with 1/10 success probability, out of 100n iterations is > 1 — e~81"/20 which is exponentially
close to one. If at some stage the length of the path is smaller than 10, the success probability may be
smaller than 1/10, but the end of the line is found in stage 3. An analysis of 8 > 0 concludes the proof.
Let Upmeas. be the measurement with 8 = 0, and confidence n = 1 — e~ /18 with respect to H;.
Suppose the vertex found in the previous round is v = v;, and consider applying Upeas. to |v,0,0) where
the additional two registers are the output and work registers. Denote the result of measuring the two
additional registers by €;,g. Let f be the function s.t. 1y ;) is the eigenstate of H; with energy closest
to €; (the lower energy eigenstate if there is a tie). f is well defined since all eigenvalues of H; within the
relevant subspace have multiplicity 1. We omit adding an ¢ index to f, and to the eigenstates/eigenvalues
of H; since both H and H; in the relevant subspaces are Hamiltonians of paths, only the length of the
path and the starting vertex change.

Claim 7. Let a; be the amplitude of ;) after measuring €;,9. The expectation of |aj|2 over j,g
. 2 2
satisfies: E; 4 (|aj| ) =>,la;l"Pr(gj,9) = n.

Proof. Let f~! be the preimage of f,

2
Ejq(laj ):Z|C‘J| Pr(ej,g ZPr Vyjles ) Pr(ej,g ZPr €5> 9, V()

9.3 9,3

:ZPr(wk) > Pr(eglvn) =
k

g,5:5€f 71 (k)

(57)

The last inequality, is due to the n-confidence of the measurement, and that all measurement outcomes
in the window §E around Ej are in f~!(k). O

Claim 8. Let L; = L—v; > 10 and ¢; = [%1 The probability for a successful iteration, i.e., v;41 > v;+¥;
is at least 1/10 for the value of 7.

Proof. After measuring ¢;, g, the state of the system is a; ’wf(j)> +4/1— |aj|2 ‘w#(j)>. We define the II;
to be a projection on the vertices v > v; + ¢;. The symmetry of the eigenstates around the middle of the

path implies that 2 HHz Wf(j)>H2 + ﬁ > 1, therefore % — Li1+1 < HHl |¢f(j)>H2 < %

Pr(vig1 > v + 4ilej, 9) H i <a1 |1/)f(] \/ — laj] ‘#ff(j) >H
> o, 1L Jr) |+ (1 = las?) |

5 (1
>l (3 - ) ~ ol V2 - 2lasf

Using the inequality zv/2 — 222 < 99(1 — 22) + 0.01 for 0 < 2 < 1, we bound the probability by

2
1 — [a]

ol -

o)

(58)
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|aj|2 (99.5 — %H) —99.01. Finally, we average over all g, j:

1
Pr(vig1 > v +4;) > ZPT (Vi1 = vi + lilej, 9) Pr(ej, 9) 2 Ejg (|aj|2) <99-5 LT 1) —99.01

< (59)
1
>n (99.5 T T 1) —99.01
With = 1 — e~/ the probability for a successful iteration is at least 1/10 for L; > 10. O

Claim 9. When the algorithm applies the SEEM with g = 0, it succeeds with probability at least
1— 678177,/2().

Proof. Consider the 100n iterations in the protocol, when if the protocol had ended before completing
all iterations, the iteration is simply idle. An iteration 7 is declared “successful” if either it is idle, or if
not, the length of the path had been halved during step 2(c) of this iteration. By this definition and by
Claim 8, the probability of the i*Miteration to be successful is > 1/10, even when we condition on what
happened in previous iterations. Let X be the number of successful iterations out of the 100n iterations.
We want to bound the probability that X > n from below. We note that this probability is bounded
from below by the corresponding probability for the number Y of successful iterations when we have
1007 i.i.d Bernoulli variables, each with probability exactly 1/10 for success. For i.i.d variables we can
use the Chernoff bound,

Pr(Y < (1—68)u) < e 12 (60)

where p is the expectation of Y, and we have here p = 10n. Setting (1 — 0)p = n, § = 9/10, we
have Pr(Y > n) > 1 — e~8"/20, This means that Pr(X > n), the probability for at least n successful
iterations, is at least 1 —e~81"/20 After n successful iterations the path length must have reached below
10 since 2% < 1, and the algorithm succeeds in finding the end of the line. O

We analyze what is the success probability of the algorithm with 8 > 0. To this end, consider first
a unitary version of the above algorithm, still with 5 = 0, where the only measurement is at the end.
In stage 2c¢, we copy (using cNOTSs) the result v; to a separate register in every iteration instead of
measuring. In stage 2b we apply the super efficient energy measurement, where the Hamiltonian is
conditioned on the copy of v;. The outcome and the garbage are written on a separate register in every
iteration. At the end of the algorithm, an indicator qubit is set to 1 if the algorithm found the end of the
line and 0 otherwise. In this version the algorithm is unitary, and the only difference between 5 = 0 and
B > 0 cases are the 100n instances of SEEMs. Thus, at the end of the algorithm, just before measuring,
the state with 8 > 0 SEEMs (denoted &) deviates at most by 1008n from the state in which § = 0
SEEMs were used (denoted ). Let IT be the projection on a successful outcome of the algorithm, i.e.,
the indicator qubit is 1. We bound the algorithm success probability for § > 0:

[ = ey + 1 (j€) ~ [N = ey - 1008m)? > ey~ 2008n (o)

Hence the success probability is reduced by 2008n. Since 3 = 40n~2 the success probability is polyno-
mially close to 1.

The main contribution to the time complexity of the algorithm is from the 100n rounds of step 3. The
SEEM in each round calls O(logn) times to the fast forwarding procedure. Hence the time complexity
is polynomial in n.

We conclude the proof of Theorem 5 by relaxing the demand for the generic FF procedure. Consider
a generic fast forwarding procedure for n qubit Hamiltonians with parameters T' = 2(”1/C), and a =
n~%¢ with ¢ > 1. This procedure is weaker than a generic fast forwarding procedure with parameters
T = 5" and a = n~* used in the proof, however one can use the weaker procedure to (5",n~4)-FF any
Hamiltonian.

Given an n qubit Hamiltonian H, one can define an m = (3n)° qubit Hamiltonian H' = HQ®Lym-n. H’
is still 2-sparse row-computable, therefore it can be FF using the weaker procedure for T' = 2(m'/%) > 5"
and with o = m~%¢ = (3n)~* < n~* (polynomial complexity in m is also polynomial in n). Hence
OEOTL can be solved efficiently using the weaker generic FF procedure. [J
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Supplementary Note 9: Uncertainty relations and metrology

The results presented here are related in various ways to the problem of highly sensitive measurements
in metrology. A typical problem in sensing or quantum metrology (see e.g. [4,15]), is to estimate the
phase ¢ of an unknown phase shifter (i.e., a black box). The canonical setting is a Mach-Zehnder inter-
ferometer. Assuming the optical paths are equal, the Fock state of the probe before the measurement is
cos(p/2) 1), |0), + isin(¢/2) |0), |1),, where a,b denote the two spatial modes. ¢ is estimated by mea-
suring which of the paths the probe had taken (and taking statistics over many experiments). Classically,
one can improve the accuracy (standard deviation here) by a factor of \/n (achieving the standard quan-
tum limit) by repeating the experiment n times independently. A more efficient parameter estimation
than this straightforward approach is categorized as super-sensing. Using n entangled photons in the
“NOON state” [16-18] |n), |0), + |0), |n),, the distinguishability improves by a factor of n. When the
Hamiltonian is accessed as a black box, this 1/n scaling is optimal. This bound is referred to as the
Heisenberg limit [4, 15,19, 20].

An interesting observation is that in this example, the experiment time is a constant, i.e., independent
of the number of photons. This is because in physical reality, there is no limit on the number of photons
that can reside in a Hamiltonian confined to a volume in space (e.g., a phase shifter). We note that this is
not allowed in both the computational models of [1] and in our definition of unitary energy measurement
- the Hamiltonian in these models is applied to one system at a time (we can call this “the single probe
assumption”). When simulating the above NOON experiment in our computational model, we will get
a factor of n in the computational complexity, and thus the complexity of the measurement will become
nT where 7 is the time a probe spends inside the phase shifter. In this setting of estimating the phase of
the phase shifter, the Heisenberg limit coincides with the TEUR, since the TEUR then reads

nt-Ap/T=n-Ap > 1. (62)

In the general case, one is interested in parameter estimation of a Hamiltonian which is a known
operator function depending on some set of unknown parameters. In these cases, some partial knowledge
about the eigenvalues is given; The question of whether it is possible to obtain violations of the cTEUR
when the Hamiltonian is not accessed through a black-box remains to be investigated.
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